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Original Article

Kinematic and dynamic
modeling of spherical joints
using exponential coordinates

Jinwook Kim1, Sung-Hee Lee2 and Frank C Park3

Abstract

Traditional Euler angle-based methods for the kinematic and dynamic modeling of spherical joints involve highly

complicated formulas that are numerically sensitive, with complex bookkeeping near local coordinate singularities.

In this regard, exponential coordinates are known to possess several advantages over Euler angle representations.

This paper presents several new exponential coordinate-based formulas and computational procedures that are par-

ticularly useful in the modeling of mechanisms containing spherical joints. Computationally robust procedures are

derived for evaluating the forward and inverse formulas for the angular velocity and angular acceleration in terms of

exponential coordinates. We show that these formulas simplify the parametrization of joint range limits for spherical

joints, and lead to more compact equations in the forward and inverse dynamic analysis of mechanisms containing

spherical joints.
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Introduction

The need to model and simulate spherical (also ball-
and-socket) joints arises in a wide range of applica-
tions, ranging from the simulation and control of
parallel robotic structures like the Stewart–Gough
platform, to the simulation of biomechanical joints
like the human shoulder joint. Typically the spherical
joint is kinematically modeled as a series of three
revolute (3 R) joints, arranged such that the three
joint axes intersect orthogonally at a common point
(in some biomechanical models the axes are not
always orthogonal to each other).

The drawbacks with such a model are of course well
known: whenever the first and third joint axes are col-
linear, the 3 R model is at a kinematic singularity (i.e.,
the model is unable to instantaneously rotate about
certain directions), when in fact the actual spherical
joint experiences no such singularity. Also, expressing
the spherical joint’s range of motion, which is most
naturally done in terms of a reach cone, becomes
highly complicated and unwieldy using the 3 R
model. This can significantly impact the accuracy and
efficiency of dynamic simulations, particularly
for high-speed motions, in which the repulsive
impulse—generated when a spherical joint reaches a

joint limit—needs to be accounted for in the dynamic
simulation.1,2

In this paper, we investigate the suitability of the
exponential coordinates, also widely known as the
Rodrigues parameters, as a model for spherical
joints. The exponential coordinates are a well-
known and extensively used set of local coordinates
for parametrizing the rotations that overcome many
of the disadvantages associated with Euler angle rep-
resentations. Using the exponential coordinates, a
rotation can be visualized intuitively by its unit axis
of rotation r̂ 2 <3, kr̂k ¼ 1, together with a rotation
(in the right-hand sense) by an angle � 2 ½0, 2�� about
the axis. By defining r ¼ r̂� 2 <3, a three-parameter
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local coordinate parametrization for rotations is
obtained. Forward and inverse formulas for the angu-
lar velocity in terms of r are known, as are their rela-
tion to, e.g., Cayley-Rodrigues parameters and unit
quaternion representations.3–6

What has not been investigated, however, at least in
a systematic way, are the numerical robustness and
accuracy issues involved with using exponential coord-
inates in the modeling and simulation of spherical
joints. In particular, the effective representation of
spherical joint range limits and the determination of
repulsive impulse generated when a spherical joint
reaches its joint limit are clearly important issues in
the dynamic simulation of mechanisms containing
spherical joints. Numerically robust and efficient for-
ward and inverse formulas for the angular acceleration
are also important for dynamic simulation purposes.

The specific contributions of this paper are as
follows:

. The forward and inverse formulas for the angular
velocity w as a function of the exponential coord-
inates r and its time derivative _r, i.e., w ¼ JðrÞ_r and
_r ¼ GðrÞw appear in the literature, but closed-form
versions of these formulas are typically rational,
potentially leading to divide-by-zero induced
numerical instabilities when r is small. Here we
provide numerically robust procedures for comput-
ing w and _r in such cases.

. We also derive a similar set of numerically robust
computational procedures for the forward and
inverse angular acceleration, i.e., _w ¼ J€rþ _J_r and
€r ¼ G _wþ _Gw.

. By representing spherical joint range limits in terms
of the exponential coordinates, we derive a com-
pact formula for the repulsive impulse (more spe-
cifically, its direction) generated when a spherical
joint reaches its joint limit.

. All three-parameter coordinate representations for
rotations have coordinate singularities (the expo-
nential coordinates are no exception; singularities
occur when krk ¼ 2�, 4�, etc.). It is well-known
that at such singularities one must switch to dif-
ferent coordinate parametrizations.7 For dynamic
simulation of the spherical joints, _r, €r, and joint
torque need to be reparametrized as well. Here we
derive simple and straightforward procedures for
such coordinate reparametrizations.

The remainder of this paper is organized as follows.
After reviewing related work in the next section and
the preliminary formulas for exponential coordinates
in section ‘‘Background,’’ we derive the first and
second-order differential relations between the rota-
tion group and the exponential coordinates in sec-
tion ‘‘Differential relation formulas for modeling
spherical joints.’’ Section ‘‘Spherical joint modeling
and simulation’’ presents a joint range limit analysis
and reparametrization schemes for the velocity,

acceleration, and torques. The last section concludes
the paper.

Related work

There is extensive literature on local coordinate par-
ametrizations for rotation matrices (or more formally,
the rotation group SO(3)), including formulas for the
angular velocity in terms of the local coordin-
ates.3–5,8–16 Angular acceleration formulas in terms
of the local coordinates have received less attention;
this is also true in the case of exponential coordin-
ates.6,17,18 For almost all of the local coordinates
(including exponential coordinates), existing analytic
formulas for the angular velocity (and accelerations in
a few limited cases) typically involve rational expres-
sions that have a krk term in the denominator (here
r 2 <3 denotes the local coordinates), which are
numerically unstable when r approaches zero. In
this paper, we derive numerically robust Taylor
expansion-based procedures that address this case,
for both the exponential coordinate-based angular
velocity and angular acceleration.

Grassia7 shows that the range of motion of spher-
ical joints can be compactly expressed in terms of the
exponential coordinates. Biological joints, unlike
their mechanical counterparts, often have a complex
range of motion. Engin and Tumer19,20 develop a
joint sinus cone model which allows the human
shoulder joint to be more accurately modeled as a
spherical joint. Wilhelms and Gelder21 develop joint
reach cone models that define the range of motion
spherical joints in terms of a polygon that approxi-
mates a closed curve defined on the unit sphere. Lee
and Terzopoulos22 introduce a general scleronomic
joint model by incorporating spline curves and sur-
faces to the modeling of joints. These works do not
explicitly address dynamic modeling of the spherical
joints under a limited range of motion. In this paper,
we show that with the exponential coordinates, not
only can joint range limits be conveniently expressed,
but repulsive impulses generated at the joint limits
during dynamic simulation can also be easily
calculated.

Near coordinate singularities the usual practice is
to switch to a different coordinate parametrization,
and Grassia7 derives a scheme for reparametrization
of exponential coordinates. For dynamic simulation
purposes, however, not only the coordinates but also
their first- and second-order derivatives must also be
reparametrized as well. In this paper, we derive repar-
ametrizations for the exponential coordinates and
their derivatives, as well as joint torques in the event
that the spherical joint is actuated.

Background

We first review the basic properties of the exponential
coordinates on SO(3); these are well-documented in

2 Proc IMechE Part C: J Mechanical Engineering Science 0(0)
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Refs. 4, 18. Given r ¼ ðr1, r2, r3Þ 2 <
3, denote its 3� 3

skew-symmetric representation by ½r�, i.e.,

½r� ¼

0 �r3 r2
r3 0 �r1
�r2 r1 0

2
4

3
5 ð1Þ

The matrix exponential of ½r� results in a proper rota-
tion matrix, i.e., an element of SO(3), whose explicit
form is given analytically by Rodrigues formula:

expð½r�Þ ¼ Iþ �½r� þ �½r�2 ¼ cos � � Iþ �½r� þ �rrT

ð2Þ

where � ¼ krk and � ¼ sin �=�, � ¼ ð1� cos �Þ=�2.
Given a rotation matrix R 2 SOð3Þ, there exist

exponential coordinates r 2 <3 such that
expð½r�Þ ¼ R and its magnitude � is bound to ½ 0,��.
We can compute r by examining the matrix elements
of equation (2),

expð½r�Þ ¼
�r21 þ cos � �r1r2 � �r3 �r1r3 þ �r2
�r1r2 þ �r3 �r22 þ cos � �r2r3 � �r1
�r1r3 � �r2 �r2r3 þ �r1 �r23 þ cos �

2
4

3
5

� can be easily computed from the trace of R:

� ¼ cos�1
trR� 1

2

� �
ð3Þ

If � 6¼ �, we get

r ¼
1

2�

R32 � R23

R13 � R31

R21 � R12

2
4

3
5 ð4Þ

where Rij denotes the ði, j Þ-element of R. Note that 1
2�

is well-defined at � ¼ 0 and it can be approximated as
1
2� ’

1
2þ

�2

12 using the Taylor series expansion.

If � is close to �, 1=� is ill-defined and thus r should
be calculated differently. From the diagonal entries
of R, we have

r ¼

sgnðr1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R11�cos �

�

q

sgnðr2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R22�cos �

�

q

sgnðr3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R33�cos �

�

q

2
6664

3
7775 for � � � ð5Þ

when � 6¼ �, the sign of r1 can be determined by exam-
ining R32 � R23 ¼ 2�r1. Since �4 0 when � 2 ½ 0,�Þ,
we have sgnðr1Þ ¼ sgnðR32 � R23Þ. Likewise,
sgnðr2Þ ¼ sgnðR13 � R31Þ and sgnðr3Þ ¼ sgnðR21�

R12Þ. When � ¼ �, expð½r�Þ ¼ expð½ �r�Þ, and R is sym-
metric. Therefore Rij � Rji ¼ 0 and the signs of rk
(i, j, k 2 f1, 2, 3g) cannot be determined using the
above method. In this case, we can pick a diagonal
entry Riið6¼ �1Þ and assign any sign to ri. Then the

signs of rj and rk can be determined from
Rij ¼ ð2=�

2Þrirj and Rik ¼ ð2=�
2Þrirk. The sign of ri

can be determined to keep the continuity of coordin-
ates if desired.

Differential relation formulas

The angular velocity in the moving frame (body angu-
lar velocity), wb 2 <

3, defined as ½wb� ¼ RT _R, is
expressed in terms of exponential coordinates:

wb ¼ �_rþ �_r� rþ �hr, _rir ð6Þ

where h�, �i denotes the standard Euclidean inner
product in <3, and

� ¼
� � sin �

�3
¼

1� �

�2
ð7Þ

Equation (6) can be derived by substituting equation
(2) for RT and _R in ½wb � ¼ RT R

:

and simplifying terms
by making use of the following general identities for
arbitrary r, s 2 <3:

½r�r ¼ 0 ð8Þ

½r�2 ¼ rrT � krk2I ð9Þ

½r�3 ¼ �krk2½r� ð10Þ

½r�½s� ¼ srT � hr, siI ð11Þ

½r� s� ¼ ½r�½s� � ½s�½r� ð12Þ

h_r, ri ¼ _�� ð13Þ

Using the following relations

Rr ¼ ðIþ �½r� þ �½r�2Þr ¼ r

R_r ¼ cos �_rþ �r� _rþ �hr, _rir

Rðr� _rÞ ¼ cos �r� _rþ �hr, _rir� ��2_r

we can also relate _r with the angular velocity with
respect to the fixed frame (spatial angular velocity),
defined as ½ws� ¼ R

:

RT, or ws ¼ Rwb

ws ¼ �_r� �_r� rþ �hr, _rir ð14Þ

Note that the equations (6) and (14) for wb and ws

differ only in the sign of the second term.
If the inboard link of a spherical joint is moving, wb

and ws represent the relative velocities of a child link
with respect to its parent link, and wb is frequently
used for kinematic and dynamic analysis.23 If a spher-
ical joint is attached to a fixed link, ws provides more
intuitive expression for the velocity than wb as ws is
expressed in the spatial frame.

Kim et al. 3
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Differential relation formulas for
modeling spherical joints

We have presented formulas for the exponential
coordinates and the first-order differential relations
that have been introduced in the literature. We now
present additional differential formulas that are essen-
tial for kinematic analysis and dynamic simulation of
the spherical joints. Obviously, these formulas are
useful for other problems related with the differential
geometric operations for the rotation group (e.g.,
optimal trajectory generation problem24). First, we
derive the inverse differential relations from the angu-
lar velocity to the derivative of the exponential coord-
inates: the relations can be used for solving the inverse
kinematics of spherical joints. Second, we present the
Jacobian matrices between the derivatives of exponen-
tial coordinates and the angular velocities. The
Jacobian matrices are not only useful for the kine-
matic operations but also essential for solving gradi-
ent-based optimization problems for the mechanisms
containing spherical joints. After that, we derive the
second-order differential relations for the dynamic
simulation of the spherical joints. Note that all these
formulas contain krk in the denominator, which many
cause the divide-by-zero error when r becomes close
to zero. Therefore, we derive the Taylor expansion-
based formulas that allow for the robust computation
of the differential formulas near r ¼ 0.

Inverse differential relations

Let us now express _r in terms of wb or ws. From equa-
tion (6), we can derive the following equations:

_r ¼ �wb þ
1

2
r� wb þ �hr,wbir ð15Þ

_r ¼ �ws �
1

2
r� ws þ �hr,wsir ð16Þ

where

� ¼
�

2�
, � ¼

1� �

�2
ð17Þ

Equation (15) can be derived as follows. Rearranging
equation (6), we get

r
:
¼ �I� �½r�ð Þ

�1 wb � �hr, r
:
ir

� �

To simplify the above equation, we apply the follow-
ing relations that can be verified straightforwardly.

hr,wbi ¼ ð�þ ��
2Þhr, _ri ¼ hr, _ri

ðIþ ½r�Þ�1 ¼
1

1þ krk2
I� ½r� þ rrT
� �

ð18Þ

Then the mapping from wb to _r can be expressed as
follows:

r
:
¼ ð�I��½r�Þ�1ðwb��hr, r

:
irÞ

¼
sin2 �

2�ð1� cos�Þ
Iþ

�

�
½r�þ

�2

�2
rrT

� �
ðwb��hr,wbirÞ

¼ �wbþ
1

2
r�wbþ �hr,wbir ð19Þ

where

� ¼
sin2 �

2�ð1� cos �Þ
¼
�

2�

and

� ¼ �
�2

�2
� � � ��2

�2

�2

� �
¼

1� �

�2

Jacobian matrices

By manipulating equation (6), we can derive a
Jacobian matrix JbðrÞ 2 <

3�3 that maps the first
derivative of the exponential coordinates to that of a
rotation matrix, i.e., Jb ¼ RT @R

@r , or equivalently
wb ¼ JbðrÞ_r

JbðrÞ ¼ �I� �½r� þ �rr
T ð20Þ

¼ I� �½r� þ �½r�2 ð21Þ

Equation (21) is derived from equation (20) by using
the relation equation (9). In the event that JbðrÞ is
invertible, denote J�1b ðrÞ ¼ GbðrÞ, so that
_r ¼ GbðrÞwb. GbðrÞ can be acquired by rearranging
terms in equation (15):

GbðrÞ ¼ �Iþ
1

2
½r� þ �rrT

¼ Iþ
1

2
½r� þ �½r�2 ð22Þ

One can also write ws ¼ JsðrÞ_r and _r ¼ GsðrÞws, where

JsðrÞ ¼ �Iþ �½r� þ �rr
T ð23Þ

¼ Iþ �½r� þ �½r�2 ð24Þ

GsðrÞ ¼ �I�
1

2
½r� þ �rrT

¼ I�
1

2
½r� þ �½r�2 ð25Þ

4 Proc IMechE Part C: J Mechanical Engineering Science 0(0)
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Remark Equation (22) can also be derived directly
from equation (21) by using the following formula:

ðxIþ y½r� þ z½r�2ÞðdIþ e½r� þ f ½r�2Þ ¼ I ð26Þ

where

d ¼
1

x
ð27Þ

e ¼
�y

ðx� krk2zÞ2 þ krk2y2
ð28Þ

f ¼
y2 � xzþ krk2z2

a ðx� krk2zÞ2 þ krk2y2
� � ð29Þ

Likewise, equations (23) and (25) can be derived from
each other by using equation (26).

Numerically robust computation

Note that although �, �, �, �, and � are all well-defined
at � ¼ 0, direct use of the previous formulas for wb

and ws involve a division by zero. Instead, for � close
to zero one can evaluate the variables up to machine
precision accuracy via the following Taylor series
expansion:

� ¼ 1�
�2

6
þOð�4Þ ð30Þ

� ¼
1

2
�
�2

24
þOð�4Þ ð31Þ

� ¼
1

6
�
�2

120
þOð�4Þ ð32Þ

� ¼ 1�
�2

12
þOð�4Þ ð33Þ

� ¼
1

12
þ
�2

720
þOð�4Þ ð34Þ

Since the machine epsilon of the single precision float-
ing format is 5:96� 10�8, the above Taylor series
expansion formulas are accurate in machine precision
if they are used when j�j5 0:015. For the double pre-
cision format, the machine epsilon is 1:11� 10�16;
hence the Taylor expansion formulas are to be used
for j�j5 1� 10�4.

Second-order differential relation formulas

We will now present the second-order differential rela-
tions between the rotation matrix and the exponential
coordinates, which are useful for dynamic analysis of
spherical joints. The time derivative of wb given €r can

be achieved straightforwardly by differentiating equa-
tion (6):

_wb ¼ �€rþ ð�hr, _ri þ _�Þ_rþ ð _�_rþ �€rÞ � r

þ ð _�hr, _ri þ �ðk_rk2 þ hr, €riÞÞr ð35Þ

where

_� ¼ ð� � �Þhr, _ri ð36Þ

_� ¼
�� 2�

�2
hr, _ri ð37Þ

_� ¼
�� 3�

�2
hr, _ri ð38Þ

The inverse relation for the above formula is
achieved by differentiating equation (15):

€r ¼ _�wb þ � _wb þ
1

2
ð_r� wb þ r� _wbÞ

þ ð _�hr,wbi þ �ðh_r,wbi þ hr, _wbiÞÞrþ �hr,wbi_r

ð39Þ

where

_� ¼
1

�2
�� 1

2�
hr,wbi

_� ¼
1

�4
�þ 1

2�
� 2

� �
hr,wbi

Using the Jacobian matrix Jb in equation (20), we can
rewrite equation (35) in the form of _wb ¼ Jb€rþ _Jb_r.
Then the vector _J_r is expressed as follows:

_Jb_r ¼ ð _�þ �hr, _riÞ_rþ _�_r� rþ ð _�hr, _ri þ �k_rk2Þr

ð40Þ

In the form of €r ¼ Gb _wb þ _Gbwb, the vector _Gbwb can
be derived from equation (39) as

_Gbwb ¼ _�wb þ
1

2
_r� wb þ ð _�hr,wbi

þ �h_r,wbiÞrþ �hr,wbi_r ð41Þ

The second-order relations for the spatial velocity are
derived in the same manner:

€r ¼ _�ws þ � _ws �
1

2
ð_r� ws þ r� _wsÞ

þ ð _�hr,wsi þ �ðh_r,wsi þ hr, _wsiÞÞrþ �hr,wsi_r

ð42Þ

_Js_r ¼ ð _�þ �hr, _riÞ_r� _�_r� rþ ð _�hr, _ri þ �k_rk2Þr

ð43Þ

Kim et al. 5

 at KOREA ADV INST OF SCI & TECH on July 20, 2014pic.sagepub.comDownloaded from 

http://pic.sagepub.com/


XML Template (2013) [18.11.2013–8:18am] [1–9]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PICJ/Vol00000/130350/APPFile/SG-PICJ130350.3d (PIC) [PREPRINTER stage]

_Gsws ¼ _�ws �
1

2
_r� ws þ ð _�hr,wsi

þ �h_r,wsiÞrþ �hr,wsi_r ð44Þ

Note that the following relations should be used to
compute _�, _�, _�, _�, and _� around � ¼ 0:

_� ’ �
1

3
þ

1

30
�2

� �
hr, _ri ð45Þ

_� ’ �
1

12
þ

1

180
�2

� �
hr, _ri ð46Þ

_� ’ �
1

60
þ

1

1260
�2

� �
hr, _ri ð47Þ

_� ’ �
1

6
�

1

180
�2

� �
hr, _ri ð48Þ

_� ’
1

360
þ

1

7560
�2

� �
hr, _ri ð49Þ

Spherical joint modeling and simulation

The differential relations of a rotation and the expo-
nential coordinates obtained in the previous sections
have many application areas where the kinematics
and dynamics of a rotation are involved. An import-
ant application is dynamic simulation of articulated
rigid body systems that include spherical joints.

In this section, we deal with two important issues
related with modeling kinematics and dynamics of
spherical joints. We first show how the differential
relations are effectively used in the joint limit analysis
of spherical joints. Then we present a reparametriza-
tion scheme to avoid singularities.

Joint limit analysis

Spherical joints usually have limited range of motion
due to the collision between the adjacent rigid bodies,
and it is necessary to model the joint limits for more
accurate kinematic and dynamic analysis. In this sec-
tion, we derive a compact method to analyze the
spherical joint’s range limit using the exponential
coordinate parametrization.

Let us assume that the joint limit of a spherical
joint creates a reach cone represented with a fixed
unit axis p and an angle 	 (04	4�) as illustrated
in Figure 1. Defining p0 ¼ Rp as p rotated by
R ¼ expð½r�Þ, the joint limit constraint can be
described as an inequality:

gðrÞ ¼ hp, p0i � cos	 ð50Þ

¼ hp, expð½r�Þpi � cos	 ð51Þ

¼ cos � þ �hr, pi2 � cos	50 ð52Þ

Equation (52) is obtained by substituting equation (2)
for expð½r�Þ.

For dynamic simulation, we need to determine the
direction of a repulsive impulse when the joint reaches
the limit. The impulse direction accounts for the
changes in velocity of the adjacent links and is aligned
with the gradient direction of gðrÞ. The differential of
g can be expressed as

�g ¼ hp, �Rpi ð53Þ

¼ hp,R½Jb�r�pi ð54Þ

¼ hRTp, ½Jb�r�pi ð55Þ

¼ hRTp, � ½p�Jb�ri ð56Þ

¼ hJTb ½p�R
Tp, �ri ð57Þ

Hence we obtain the gradient using equations (2) and
(20):

rg ¼ JTb ½p�R
Tp ð58Þ

¼ ð�Iþ �½r� þ �rrTÞð�p� ðp� rÞ þ �hp, riðp� rÞÞ

ð59Þ

¼ 2�hr, pip� ðð�2 � ��Þhr, pi2 þ �Þr ð60Þ

At the joint limit, hr, pi2 ¼ cos	�cos �
� holds from equa-

tion (52). Therefore, the gradient at the joint limit is
expressed in a compact form as:

rg ¼ 2�hr, pip� ð2�ðcos	� cos �Þ þ �Þr ð61Þ

Figure 1. When a joint limit of a spherical joint can be rep-

resented with a unit axis p and angle 	, the joint limit constraint

can be described in a compact form. p0 is the vector when p is

rotated by expð½r�Þ.
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Reparametrization

The exponential coordinates representation has singu-
larities like any other three-coordinate paramet-
rization schemes for the rotation group. To examine
the singularities, let us calculate the determinant of Jb,
which approaches zero as the given parametrization
becomes singular. From equation (20), Jbi, the i-th
column of Jb, is given as

Jbi ¼ �ei þ �ei � rþ �hr, eiir ð62Þ

where ei 2 <
3 denotes the i-th standard basis vector.

Then the determinant of the Jacobian is derived as
follows:

det Jb ¼ hJb1 � Jb2, Jb3i ð63Þ

¼ ð�2 þ �2krk2Þð�þ �krk2Þ ð64Þ

¼
2ð1� cos �Þ

�2
ð65Þ

From equation (65), one can see that the Jacobian is
singular at � ¼ 2n� for n ¼ 1, 2, . . ., but not at � ¼ 0
(Figure 2). Thus, the exponential coordinates allow
for a reasonably wide range of singularity-free config-
uration of spherical joints. This is a significant advan-
tage of exponential coordinates over Euler angle
representations, which have singularities much closer
to the default configuration (for example, ZYX Euler
angles have a singularity at ð0,�=2, 0Þ). Therefore, in
most practical cases, a spherical joint can never reach

the singularity due to the joint limit or other mechan-
ical constraints, and the exponential coordinates can
be used without any problem in such cases.

Otherwise, however, one needs to take proper
measures to avoid the singularities. One solution is
to switch to a different parametrization chart when
the original parameter approaches singularity.7

Recall that rotating about a given axis by an angle
of � results in an identical rotation by an angle of
� þ 2n� (n ¼ 0, � 1, � 2, . . .), which means
expð½r�Þ ¼ exp ½ �þ2n�� r�

� �
, where � ¼ krk. Hence for a

given rotation matrix, we can locate the exponential
parameter as far as it can be from the singularity by
choosing a suitable n.

Let us assume that r is the current exponential
coordinates. If �5 �5 3�, we can reparametrize the
rotation matrix using r0 such that kr0k is bound to
½ 0,� Þ as follows:

r0 ¼ 
r ð66Þ


 ¼ 1�
2�

�
ð67Þ

In general, the formula for selecting n can be defined
as follows:

n ¼ �

�
b��þ 1c

2

�
ð68Þ

The same formula as equation (66) was also presented
in Ref. 7. Here, we extend the reparametrization

Figure 2. Determinant of Jb with respect to the rotation angle �. It is singular � ¼ 2n� for n ¼ 1, 2, . . . .
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scheme to the cases for the dynamic simulation of
the spherical joints, in which case it is necessary to
reparametrize _r and €r as well. By differentiating equa-
tion (66) we can derive the first and second derivatives
of r0:

_r0 ¼ 
_rþ 2�
hr, _ri

�3
r ð69Þ

€r0 ¼ 
€rþ 4�
hr, _ri

�3
_rþ 2�

k_rk2 þ hr, €ri

�3
� 3
hr, _ri2

�5

� �
r

ð70Þ

We may also need to reparametrize the dual of _r when
a joint torque is applied to a spherical joint. Let � and
�0 denote the duals of _r and _r0 respectively. From
h�0, _r0i ¼ h�, _ri,

h�0, _r0i ¼ h�, J�1b wbi ð71Þ

¼ h�,J�1b J0b_r0i ð72Þ

¼ hJ0Tb J
�T
b �, _r0i ð73Þ

where J0b is defined as wb ¼ J0b_r0, i.e.,

J0b ¼ I� �0½r0� þ � 0½r 0�2 ð74Þ

¼ I�
�



½r� þ

1



� �

2�

�3

� �
½r�2 ð75Þ

Therefore, we get

�0 ¼ J0Tb J
�T
b � ð76Þ

¼ I�
2�


�3
½r�2

� �
� ð77Þ

¼ � �
2�


�3
r� ðr� �Þ ð78Þ

Conclusion

In this paper, numerically robust computational pro-
cedures and formulas for spherical joints based on
exponential coordinates have been proposed. With
exponential coordinates, joint range limits can be
easily parametrized in terms of cones, and the direc-
tion of the repulsive impulse at joint limits can be
obtained in a compact form. Reparametrizations of
exponential coordinates and its first and second
derivatives as well as the torque near local singulari-
ties can be easily formulated. These procedures are
performed based on the analytic formulas for the
angular velocity and acceleration in terms of exponen-
tial coordinates and its first and second derivatives, as
well as numerically robust procedures for computing
the formulas.
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