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Abstract
3D objects of the same kind often have different topologies, and finding correspondence between them is important for op-
erations such as morphing, attribute transfer, and shape matching. This paper presents a novel method to find the surface
correspondence between topologically different surfaces. The method is characterized by deforming the source polygonal mesh
to match the target mesh by using the intermediate implicit surfaces, and by performing a topological surgery at the appropriate
locations on the mesh. In particular, we propose a mathematically well-defined way to detect the topology change of surface
by finding the non-degenerate saddle points of the velocity fields that tracks implicit surfaces. We show the effectiveness and
possible applications of the proposed method through several experiments.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry and Object
Modeling—Geometric algorithms, languages, and systems

1. Introduction

Finding a map between two surfaces is a fundamental problem in
computer graphics since it leads to many applications such as align-
ing 3D scanned data, texture mapping, morphing, attribute transfer,
shape analysis, and shape matching.

A number of methods have been developed for various pur-
poses, and they are mostly classified into two strategies: One strat-
egy deforms the source mesh to adapt to the target mesh. Many
deformation methods have been developed, including finding an
optimal rigid transformation using the ICP method [BM92] and
finding local affine transforms between two non-rigid but nearly
isometric meshes [ACP03, LSP08]. While recent surface registra-
tion techniques that deform the source surface successfully find a
map between nearly-isometric surfaces, the quality of the map de-
grades for non-isometric meshes. Another strategy for obtaining a
map uses parameterizations. Two parameterizations are first con-
structed from individual input meshes to a common domain and
then the mapping between the meshes is defined by composing
the two parameterizations. A number of common domains have
been proposed, such as sphere [HAT∗00, GY03, GWC∗04], the
extended complex plane [KLF11], and a disk type subset of the
plane [APL14]. Besides these approaches, probabilistic methods to
find soft correspondences (e.g., [SPKS16]) have also been intro-
duced.

Most of these techniques require that two surfaces should be
topologically equivalent. Furthermore, the techniques based on pa-
rameterization are valid only for genus 0 surfaces. However, large

collections of 3D models are now commonly available, and many
objects in the same class, such as man-made objects, have differ-
ent topologies. For example, chairs have diverse shapes of legs and
arm rests, creating a multitude of topologies. To enable high-level
geometric processing such as attribute transfer and shape analysis
among the objects in the same class (e.g., [KPBL16]), a method for
obtaining a map between topologically different surfaces is neces-
sary. This paper presents a novel method for this problem.

Intuitively, a meaningful map between surfaces is a continuous
bijective map. Such a map with an extra condition of having contin-
uous inverse is called homeomorphism in topology theory. A fun-
damental fact of the theory is that homeomorphism does not exist
for surfaces with different topologies. However, in the case of com-
pact, i.e., closed, surfaces, one can find a homeomorphism between
open sub-surfaces that are generated by removing measure zero sets
from the original surfaces. A measure zero set on a surface is de-
fined as a subset of the surface with zero area, such as a point or a
curve. In Fig. 1(b), a sphere and a torus are surfaces with different
topologies with genuses 0 and 1, respectively, and thus a continu-
ous bijective map cannot be created between the surfaces. However,
we can still find open sub-surfaces that are topologically equivalent
such that a meaningful and continuous bijective map between these
new surfaces can be constructed.

For polygonal meshes with different topologies, we need to re-
move a number of measure zero sets for the same reason. However,
measure zero sets mean a conceptually ‘infinitely’ small subset of
the surface, which is difficult to deal with due to the discrete nature
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(a)
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Figure 1: (Top) Homeomorphism does not exist between the left
and right due to the different number of components, but can be
defined if the red points are removed. (Bottom) Homeomorphism
does not exist between the sphere and torus due to the difference
of their genuses, but can be obtained if two red points and the red
inner circle are removed.

of polygonal meshes. Instead, we remove nonzero but small areas
from meshes to make them topologically equivalent.

Our problem thus requires resolving two issues: How can we
find correspondence between two non-isometric surfaces? In addi-
tion, if they have different topologies, how can we remove small
areas to obtain topologically equivalent surfaces? To address the
issues, our method employs implicit functions to enable transi-
tion between different topologies. While implicit functions have
been widely used to resolve topological problems in fluid anima-
tion [OS88, Set99, EFFM02, Mül09, WTGT09] and surface mor-
phing [COSL98, WCX∗13], only a few studies leveraged implicit
functions for surface correspondence problems [DYT05].

Based on the implicit surfaces, we propose a novel method to
find correspondence between non-isometric and possibly topologi-
cally different surfaces by introducing the following contributions:

1. We developed a fully Eulerian method for computing maps by
blending surface morphing and surface tracking techniques. It
provides an integral formula that immediately returns the corre-
spondence for any point on the surface (Sec. 3.3).

2. Previous methods to detect the topology changes are more or
less heuristic for specific purposes (e.g., fluid tracking). In this
paper, we propose a mathematically well-defined way to detect
the topology change of surface by finding the non-degenerate
saddle points of the velocity field that tracks the implicit sur-
faces.

To our knowledge, our method is the first framework capable of
constructing maps regardless of the increase or decrease of the
genus of the target mesh. This is in contrast with a previous work
[DYT05] that deals only with a case where a genus of a target mesh
is less than that of a source mesh.

2. Related Work

Our work is related with the research for finding a correspondence
between surfaces as well as morphing or tracking surfaces. In this
section we review previous work closely related to ours.

Surface correspondence The problem of finding a dense corre-
spondence between surfaces has been explored from various per-
spectives. The iterative closest point (ICP) algorithm [BM92] and
its variants have been successfully used for registering partial 3D
scan data [TL94, ACP03, PMG∗05, BR07, LSP08]. Applied to the
surface correspondence problem, the methods have the advantage
of being robust to input data type and noise. However, they are lim-
ited to the case that the two surfaces have similar shapes.

Our work is most similar to the work of [DYT05], who first
developed a method to find the correspondence between different
topologies through implicit functions. To construct a map from a
torus to a sphere, they devised a solution that cuts the torus at the
most inner circle, making two overlapped circles, and then map the
upper and lower circles to the north and south poles of the sphere,
respectively (i.e., inverse map of Fig. 1(b)). However, it is not clear
how to do the inverse operation that maps circles to poles, and thus
their method cannot deal with a genus-increasing case. By con-
trast, our method can find a map between surfaces with arbitrarily
topologies.

Surface morphing Morphing is a technique to obtain intermediate
meshes that smoothly interpolate between two meshes. Morphing
techniques are divided into the mesh-based methods and implicit
function-based methods [LV98]. The mesh-based method first con-
structs a correspondence between a subset of vertices (key points)
and then generates an interpolating mesh along the paths interpo-
lating the key points [KCP92,KSK97,ACOL00]. As it uses the sur-
face correspondence methods discussed above, the direct method is
valid for meshes with the same topology.

The implicit function-based method transforms two meshes into
two implicit functions and then acquires intermediate functions that
interpolate them. Morphed meshes are obtained from the inter-
mediate functions by using the marching cube algorithm [LC87].
This approach is very flexible in that the source and the target
meshes can have arbitrary topologies, but naive interpolation of
the implicit functions may result in unnaturally morphed meshes.
To deal with this problem, Cohen-Or et al. [COSL98] interpolated
the implicit functions using the thin plate spline under the con-
straints of the correspondences of user-specified key points. Weng
et al. [WCX∗13] used the optimal transportation technique to find
denser correspondences from the user-specified correspondences.
Breen et al. [BW01] obtained intermediate functions by defining
the force field that moves the level set of the source mesh towards
that of the target mesh. Our method adopts the ideas of Cohen-Or
et al. [COSL98] and Weng et al. [WCX∗13] for the surface corre-
spondence problem.

Surface tracking and texture transfer While there are many
kinds of techniques referred to as surface tracking, our method is
related with techniques to transfer information defined on the initial
shape over smoothly deforming shapes. The surface tracking tech-
nique of this kind shares the purpose and method with the surface
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Figure 2: Overall framework of our algorithms: (a) For the input meshes, (b) we find the implicit functions for the meshes. The zero level
sets are visualized with the marching cube algorithm. (c) The functions are interpolated by a morphing technique. (d) We find the velocity
field that tracks the zero level sets. (e) While tracking, we detect the singular areas and remove them. (f) Our final result is a deformed source
mesh. The holes are filled by filling algorithms.

correspondence technique but has different input-output and appli-
cations. Dinh et al. [DYT05] developed a method that transfers tex-
ture between a pair of meshes obtained by the marching cube algo-
rithm. The method of [BHLW12] transfers texture over time vary-
ing shapes by using a surface registration technique and can deal
with topology change, but the method requires a customized event
list, which may restrict its application to general surface correspon-
dence problems. Stam and Schmidt [SS11] proposed a formula for
finding the velocity of time-varying implicit surface and applied it
to the tracking of an implicit surface that guides the deformation of
a polygonal mesh.

Topological surgery Topological surgery refers to transforming
the topology of a surface. Usually it consists of two stages: one
that finds a region requiring surgery, and another that transforms
the topology by modifying the detected region. In computer graph-
ics, topological surgery has been used in a rather limited man-
ner: [DG96] receives user inputs regarding the location of the topo-
logical surgery, and [GTLH01] detects only non-manifold regions
as singular areas.

Recent mesh-based fluid simulation methods detect merging and
splitting of the fluid and perform topological surgery to reconstruct
free surfaces of the fluid [Mül09, BB09, WTGT09, CMMK15].
The methods for detecting such singular areas of the fluid surface
are customized for fluid simulation, and thus do not fit our pur-
poses well. In this paper, we present a mathematically well-defined
method for singularity detection by finding the non-degenerate sad-
dle points from the vector field that tracks the intermediate implicit
surfaces.

3. Method

While there are many ways to define maps between two polygonal
meshes, a simple way to define maps is a set of positions on the
target mesh that correspond to sample points on the source mesh.
In this paper, sample points are all vertices of the source mesh as is
usual in other studies in the literature.

Fig. 2 shows the overall process of our method. First, to over-
come the topological difference between the surfaces, we create a
set of implicit functions by using morphing techniques such that the
zero level sets of the implicit function guide the deformation of the
source mesh to match the target mesh (Sec. 3.1). Second, in order

to track the zero level sets, we construct a velocity field on the 3D
grid (Sec. 3.2). Lastly, while we actually deform the source mesh
using the velocity field (Sec. 3.3), we detect topological change and
cut out a small area where it occurs (Sec. 3.4).

3.1. Generation of intermediate shapes

In the first stage of the framework, we generate implicit functions
f0 and f1 corresponding to the input source and target meshes M0
and M1 so that the zero level set of each function almost coincides
with each input mesh. The most common functions for this purpose
are the signed distance functions. Specifically, we enclose the mesh
into a 3D grid, and to each grid node assign the signed distance
(negative values to the interior node) from the node to the nearest
point in the surface.

Once f0 and f1 are obtained, we generate intermediate implicit
functions f (p, t) where p denotes the position of a grid node and
0≤ t ≤ 1 is the interpolation parameter. For convenience, we con-
sider t as time. An ideal interpolation strategy for tracking should
allow for the smooth deformation of the zero level set so as to cre-
ate natural transition from M0 to M1 as t increases, and preserve
geometric features as much as possible. Simple linear interpola-
tion ( f (p, t) = (1− t) f0(p)+ t f1(p)) warrants a smooth transition
between two meshes, but does not respect preservation of the geo-
metric features of the meshes, and thus it can only be used to inter-
polate functions whose corresponding geometric features are well
aligned. An improved strategy warps the 3D space to align the geo-
metric features between the input meshes before carrying out linear
interpolation:

f (p, t) = (1− t) f0(Wt→0(p))+ t f1(Wt→1(p)) (1)

where the smooth map (called warping) Wt→0 : R3 → R3 outputs
the positions at time 0 corresponding to the position p at time t.
Wt→1 is defined similarly.

Cohen-Or et al. [COSL98] obtained the warping Wt→0 by using
the thin-plate radial basis function (TPRBF) [Boo89, TO05] under
the constraints that the key points qi

t (i = 1,2, · · · ,N) at time t are
transformed to qi

0 at time 0. Given the user-specified positions qi
0

and qi
1 at time 0 and 1, they set qi

t so as to rigidly interpolate qi
0

and qi
1 in the global sense. In contrast, motivated by [WCX∗13],

we construct a set of tetrahedrons from every 4-combinations of
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user-specified key points, and then apply the as-rigid-as-possible
(ARAP) interpolation on the tetrahedrons to get interpolated points
qi

t . For the detailed technique of defining ARAP energy for the in-
terpolation we refer the reader to [ACOL00, WCX∗13]. After ob-
taining qi

t , we perform the warping by using the TPRBF and obtain
the interpolated function from Eq. 1.

3.2. The velocity field for the implicit surface

At this point, the zero level set (i.e., implicit surface) at each t de-
scribes the intermediate shapes that interpolate between M0 and
M1. In order to deform M0 such that it remains on the zero level
sets as t increase, we need to specify a velocity field at each time
step such that the implicit surface at ti is projected to the implicit
surface at ti+1.

Construction of such velocity fields may seem simple enough
to have an analytic solution, but this is not the case due to its non-
uniqueness. Stam and Schmidt [SS11] resolved the non-uniqueness
and obtained an analytic solution by adding a condition that the sur-
face normal is invariant and making use of some dynamic param-
eters. However, their formula cannot be applied to our case since
our surfaces may deform extremely and there are no pre-assumed
parameters. Instead, we find a velocity field defined on all of the
3D grid such that it minimizes an energy containing the two terms:
constancy and smoothness conditions. The constancy condition en-
sures an implicit surface to be projected to the implicit surface at
the next time step. Since there are infinitely many solutions for this
condition, we extend the domain of vector field to all of the grid and
encourage this field to be smooth over the domain. This smooth-
ness condition is introduced by Horn and Schunck [HS81] for the
purpose of tracking images. We extend the method to the function
values on 3D grid.

The first condition can be represented by the formula, 0 =
d f
dt (p(t), t) =∇ f (p(t), t) ·V (p(t), t)+ ∂ f

∂t (p(t), t), where p(t) is a
point on the implicit surface and V is the velocity field that we want
to obtain. Combining it with the smoothness condition, we define
the following energy term:

E =
∫
‖ ∇ f (p(t), t) ·V (p(t), t)

+
∂ f
∂t

(p(t), t) ‖2 +α ‖ ∇V ‖2 dxdydz
(2)

where α is a parameter to adjust the smoothness of the vector field
(set between 1 and 5 in our experiment). The Euler-Lagrange equa-
tion for the integral (Eq. 2) is the following system of equations (for
the derivation of the Euler-Lagrange equation, see Evans [Eva98]):

f 2
x u+ fx fyv+ fx fzw+ fx ft −α∆u = 0

fx fyu+ f 2
y v+ fy fzw+ fy ft −α∆v = 0

fx fzu+ fy fzv+ f 2
z w+ fx ft −α∆w = 0 (3)

where V = (u,v,w). To solve the equations numerically, we ap-
proximate the Laplacian of a function ∆h by h̄− h, where h̄ is the
average of values on the neighboring grid nodes, the derivatives
fx, fy, fz by the central difference scheme and the time derivative
by the forward difference scheme. With these numerical schemes,

we obtain the following sparse linear system of equations:

(α+ f 2
x )u+ fx fyv+ fx fzw = αū− fx ft

fx fyu+(α+ f 2
y )v+ fy fzw = αv̄− fy ft

fx fzu+ fy fzv+(α+ f 2
z )w = αw̄− fz ft (4)

Although we can directly solve this system by any linear solver,
we convert Eq. 4 into an iterative form for a Gauss-Seidel type
solver since the size of the system increases cubically with the
resolution of the 3D grid. For this, after inverting a matrix of the
coefficients, Eq. 4 is rewritten as follows:

(α+ f 2
x + f 2

y + f 2
z )(u− ū) =− fx( fxū+ fyv̄+ fzw̄+ ft)

(α+ f 2
x + f 2

y + f 2
z )(v− v̄) =− fy( fxū+ fyv̄+ fzw̄+ ft)

(α+ f 2
x + f 2

y + f 2
z )(w− w̄) =− fz( fxū+ fyv̄+ fzw̄+ ft) (5)

from which we get the iterative formula for the solution of Eq. 4:

uk+1 = uk− fx( fxuk + fyvk + fzwk + ft)
α2 + f 2

x + f 2
y + f 2

z

vk+1 = vk− fy( fxuk + fyvk + fzwk + ft)
α2 + f 2

x + f 2
y + f 2

z

wk+1 = wk− fz( fxuk + fyvk + fzwk + ft)
α2 + f 2

x + f 2
y + f 2

z
(6)

where k denotes the iteration number. The initial velocities
u0,v0,w0 are set to either zero or the final velocities at the pre-
vious time step. In our experiment, convergence is reached within
50 to 100 iterations. After solving (Eq. 4) for every time step, we
obtain the time-varying vector field on the 3D grid that contains the
velocities of the implicit surfaces.

3.3. Integral formula for the map

The time-varying vector field is now defined discretely on the grid.
In order to deform the mesh embedded in R3 we extend the domain
of the vector field to R3 continuously using tri-linear extension. We
can then represent the correspondence for any point in the source
domain as follows:

p1 = F(p0) := p0 +
∫ 1

0
V (p(t), t)dt (7)

where F is the final map that we want to obtain. Thus, in order to
obtain the correspondence p1 for a point p0 on M0 we only need
to sum the vectors until the last time step. However, at each time
step, the vector field over the implicit surface may not exactly point
to the implicit surface in the next time step due to the inaccuracy
caused by the tri-linear interpolation. To resolve this, after moving
to the next position according to the velocity at each time step, we
simply adjust the position to the zero level set by finding the clos-
est point to the present position. However, we find that an iterative
searching method with the initial gradient direction gives reason-
able adjustment.

As a result, we obtain the map by applying the formula (Eq. 7)
to every vertex defined at the beginning. It is different from other
methods for surface correspondence in that they usually derive the
map by solving a system for all vertices of the source at once. By
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contrast, we calculate the correspondence for any point indepen-
dently from other sample points. The examined point is not re-
stricted to the vertex of the source mesh and even could be off the
mesh for finding the volume correspondence. Also, the resolution
of the source and target meshes hardly affects the computation time
of the map since this time mainly depends on computing the veloc-
ity field on the grid, of which the complexity grows with the grid
resolution. These useful properties are due to the Eulerian nature of
the method.

3.4. Resolving the problem of topology

If the topologies of the source and target meshes are the same, (Eq.
7) completes the map construction process. If not, there are points
in the source whose correspondences are discontinuous in the tar-
get (i.e. images of neighboring sample points on the source are not
neighbors in the target). This phenomenon is caused when neigh-
boring points pass through the neighborhood of an unstable point of
the vector field so that they are separated. Therefore, in the case of
different topologies, we need to detect such areas and treat them ap-
propriately. To our knowledge, this problem has not been addressed
rigorously.

Our strategy is that we modify the source mesh by removing
small disk areas which will pass through the neighborhood of sin-
gular points of the velocity field, and then compute the map using
(Eq. 7) for the new mesh. Thus, our output is the modified mesh
and the map defined on the mesh. The modification of the mesh
only requires a regular hole-cutting operation, the details of which
are omitted in this paper. We focus on an important problem of de-
tecting the singular areas.

The vector field obtained in Sec. 3.2 with extension to R3 by
tri-linear interpolation is piecewise-smooth over R3 but continuous
everywhere over R3. With this, we develop some theories about
continuous vector field related to several concepts in differential
topology theory.

First, let us give some definitions: Given a continuous vector
field in R3, a point is called zero (or critical point) of the vector
field when the vector of the point is zero. If a zero does not have
zeros in some open neighborhood, it is called an isolated zero. Iso-
lated zeros are further classified by the index, which is defined as
the degree of the Gauss map on the small sphere centered at the
zero.

Now, let us look at the vector field on R3 where the embedded
surface changes its topology while following the field. There are
four types of topology changing events: increase of genus, decrease
of genus, merging of surfaces, and separation of a surface, and they
all arise from the same type of vector field, as seen in Fig. 3. This
type of vector field is classified by index of -1 at the zero. Since in
the neighborhood of the zero a bundle of integral lines for the vector
field resembles a saddle, it is called a saddle point. It is possible
that the topology of a surface changes through a vector field with
higher indices at the zero, around which the vector field changes
extremely. In our work, we assume that our vector field does not
contain zeroes of such higher indices since our algorithm generates
a gradual transition between two shapes. Therefore, we only need
to detect zeroes of index -1 for the topology changes.

Figure 3: The neighborhoods of the saddle points at various topol-
ogy changing events. Left: The genus increases (sphere to torus)
while following a vector field separating horizontally and merging
vertically. Right: The surface is separating due to a vector field that
separates in X-axis while merges in other two axes. Vector fields of
opposite direction create a genus decrease or merging of surfaces.

In our vector field, three types of zeroes could appear: non-
isolated zero, zero of index 1, and zero of index -1. Non-isolated ze-
roes, which have infinitely many zeroes in the vicinity, are detected
by examining the singularity of the Jacobian of the vector field at
the zero. If the Jacobian is singular, we can conclude that the zero
is non-isolated [GP10]. We therefore exclude these zeroes from the
topology changing events. For the zeroes with non-singular Jaco-
bian, we additionally examine whether its index is 1 or -1 by check-
ing the eigenvalues of the Jacobian matrix. Usually, the eigenvalues
are complex numbers since the Jacobian matrix is not symmetric.
Zeros with non-singular Jacobian are classified into several cases
by the eigenvalues, but the necessary and sufficient condition for a
negative index is that the signs of the real part of eigenvalues are
not all the same. Using this, we can exclude zeroes with positive
indices from the topology changing events.

To find zeroes of our tri-linear vector fields, we apply Newton’s
method to every cell. For each cell, Newton’s method begins at the
cell center and iteratively searches for a zero position inside the
cell. A small cell size and smooth tri-linear vector field make the
method converge very fast if the cell contains a zero. Therefore, we
restrict the maximum iteration to five in our experiments.

As explained above, when the deforming mesh passes nearby
some saddle point we remove a small area from the surface. For
this, we intersect the sphere centered at the saddle with the mesh
and then remove the disk area of the mesh inside the sphere. If
the size of the sphere is too small, the deforming mesh may not
intersect the sphere. In our implementation, we choose the size of
sphere as the size of the grid cell. Note that saddle points can also
occur distant from a surface mesh. These are irrelevant to topology
change and do not invoke the mesh surgery.

Note that, if we detect a singular point at a certain time step, the
singular area to be removed is identified on the deformed mesh, not
on the original mesh. Therefore, we need to bring these singular
areas back to the original mesh and remove it from the original
mesh. We believe that our strategy is useful for constructing a map
between meshes of arbitrary topologies for general purposes.
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4. Result

We discuss two important visualization approaches displaying
maps between surfaces by which we compare our method with ex-
isting methods. We have implemented our algorithm in C++ with
OpenGL on a 2.4 GHz Intel i7 CPU with 8GB memory. We provide
statistics for the models presented in this paper in Table 1, including
the timings and the numbers of anchor points used.

Grid # VERT # AP INT VF DEF
Fig. 4 50×40×120 11488 15 25 180 14
Fig. 6 30×40×30 14425 0 0.3 26 17
Fig. 8 100×80×50 8078 30 85 324 10
Fig. 9 40×30×40 44170 21 8 34 56

Table 1: Grid: grid sizes in X,Y and Z directions. # VERT: the num-
ber of vertices of the source mesh. # AP: the number of anchor
pairs. Timing results (in second) for function interpolation (INT),
obtaining the vector fields (VF), and deforming the source to the
target (DEF). The total number of frames is 40 for every example.

4.1. Map visualization

Different methods are used to visualize the map for the surface cor-
respondence problem. Texture is a good medium to show dense
correspondence between two meshes, and there are two ways to vi-
sualize a map using a texture. One is a forward method that defines
a texture map for the source mesh (i.e. the domain of map) and
then transfers all the vertices in the source mesh to the correspond-
ing positions on the target, similarly to our map generation process.
This visualization method, often without textures, is widely used in
surface registration research. However, in the case of severely non-
isometric meshes, the faces of the transformed source mesh may
not coincide well with the target mesh even with a valid map due to
the local sparseness of the vertices in the transformed mesh (e.g.,
if a sphere is transformed to a giraffe, vertices in the neck and leg
regions become sparse). Therefore, we need another way to visu-
alize the map between non-isometric meshes. An inverse method
first textures the target mesh (i.e. the range of map) and then brings
texture coordinates to the source’s vertices from the target using
the map. By rendering the source mesh with the texture, one can
again verify the validity of the map. The inverse method does not
have such artifacts as in the forward method, but the texture on the
source mesh always contains texture seams.

Dinh et al. [DYT05] created a map from the last (t = 1) mesh
to the initial mesh, and employed the inverse method to visual-
ize the texture (i.e., the texture map is first generated to the initial
mesh). Kim et al. [KLF11] used the inverse method for visualiza-
tion. Instead of texture coordinates, they used colors, which has
somewhat limited capability to show correspondences. We visual-
ized our map by using both methods with textures. In general, the
forward method creates a lot more artifacts than the inverse method
for a pair of non-isometric surfaces, and thus should only be used
when the vertices of the source mesh are dense enough to repre-
sent the target shape. In that case, the visualization shows not only
the validity of the map, but also the quality of registration into the
target shape.

4.2. Maps between non-isometric surfaces

Existing methods for surface correspondence perform well between
nearly-isometric surfaces such as those for different poses of a hu-
man. By contrast, finding maps between non-isometric surfaces is
significantly more difficult. For example, if one wants to find a
map between completely irrelevant surfaces such as a knife and
a human, there are few geometric features available for construct-
ing the map. An important property for these general maps is the
uniform distribution of correspondences over the target in accor-
dance with pre-specified correspondences. This property also im-
plies bijective-ness of the map. As we construct a map, our method
does not exploit any geometric structures of input meshes except
for reflecting user inputs, and thus it is suitable for creating maps
between arbitrary surfaces. Figs. 4 and 8 compare our method with
[KLF11] and [DYT05].

4.3. Surfaces with different topologies

We examined our method for the maps between surfaces with dif-
ferent topologies. Fig. 5 shows the map from a sphere to a torus
generated by our method. The modification algorithm in Sec. 3.4
creates two holes in the poles. We can control the size of the re-
moved area, but a stability problem can arise if the removed area is
too small. With this mesh and the computed map, we can transfer
texture from a torus of a higher genus to a sphere, which is possible
due to resampling around the singular points. The resampling also
allows for mapping to a higher genus surface as shown in Figs. 6
and 9.

4.4. Visualization of the integral formula

As explained in Sec. 3.3, our method not only provides vertex cor-
respondences but also an integral formula (Eq. 7) for the maps,
which can be used in many applications. For example, one can im-
mediately find the correspondences for non-vertex points without
additional cost. Conventional methods normally can achieve this
by barycentric approximations that are accompanied by errors or
by subdivision of the original mesh, which requires recomputation
for the map from the new mesh. Fig. 7 shows a simple example
of using the integral formula. The source mesh consists of only
eight vertices, and if one would find the correspondence for a point
anywhere on the box using the barycentric coordinates of the trans-
formed positions of the vertices, the obtained position would be off
the surface of tori. By contrast, our method ensures that the trans-
formed positions are exactly on the tori.

5. Discussion and future work

A notable difference of our method from other techniques is that
our computation time does not depend on the mesh resolution, but
on the grid resolution. In our method, the resolution of the mesh af-
fects only the computation of two signed distance functions for the
source and target meshes in Sec. 3.1 and vertex-wise tracking in
Sec. 3.3. Interpolation of signed distance functions (in Sec. 3.1) is
performed very efficiently since computing warping with ARAP
interpolation only concerns anchor points whose number ranges
from 0 to about 30. The most time consuming process in our al-
gorithm is the computation of the vector field in Sec. 3.2, which

c© 2016 The Author(s)
Computer Graphics Forum c© 2016 The Eurographics Association and John Wiley & Sons Ltd.



H. Park & Y. Cho & S. Bang & S.-H. Lee / An Eulerian approach for constructing a map between surfaces with different topologies

Figure 4: The maps from a dolphin to a manatee. The first column shows the input meshes (a dolphin from two different perspectives). The
middle column displays our map, which is smooth and bijective. The last column shows the map by [KLF11]. The first two rows display the
transformed source mesh with two different perspectives and the last row displays the source mesh with texture coordinates pulled back from
the target.

Figure 5: A map from a sphere to a textured torus. Our method
generates an open surface by removing small areas from sphere
(bottom left), and creates a map from this surface to the torus.
The map is visualized by bringing texture coordinates to the source
(bottom middle) and by transforming the source mesh to the target
(right).

is reported in Table 1. The dependency on the grid resolution has
both advantages and disadvantages. An outstanding advantage of
the grid-based method is that it is possible to detect topology chang-
ing events relatively easily. In addition, we can compute correspon-
dences between the high resolution meshes with no additional cost.
However, if a mesh contains thin parts, the grid size should be

Figure 6: A teddy bear model (left) of genus 1 parameterizes to
a sphere (right). An intermediate mesh is shown in the middle. We
can see that the map is smooth and one-to-one.

small enough to preserve the geometric features, which increases
the computation time.

There are a number of ways to improve our method. First, the
quality of our method heavily depends on how well the inter-
mediate implicit functions preserve the geometric features of the
meshes. We employ the implicit function-based morphing tech-
nique to obtain the intermediate functions from user-specified key
correspondences, but an improved method that either finds the key
correspondences automatically or better preserve the geometric
features will greatly enhance the utility or the quality of the cor-
respondence.

We use the classical version of the optical flow [HS81] to find
the velocity field, and in our experiments the number of interme-
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Figure 7: The integral formula allows dense sample points on the
surface of a box to be mapped to the surfaces of tori with genuses
1 and 2.

diate frames should be more than 30 in order to ensure that the
tracked vertices remain stably on the zero level set. More complex
meshes will require a higher number of interpolations, which will
slow down the overall process. An improved method for finding the
velocity field will alleviate the problem.

Lastly, we use tri-linear interpolation to compute the interme-
diate functions and the vector fields, which are thus only C1-
differentiable inside the grid cells but not on the cell boundaries. A
smoother interpolation that is C1-differentiable on R3 will increase
the accuracy for the detection of singular areas.
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the map of [DYT05] (right) contains some distortion in the hip of the horse and is rough in the neighborhood of the hooves.
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changing events occur, which is in contrast to the method in [DG96].
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